Abstract. This paper is concerned with the stability of self-adjoint second order elliptic problems with respect to perturbations of the involved coe cient functions. In particular, we study such behaviour for the pressure equation related to incompressible or steady state ow in a heterogeneous reservoir. We establish analytical estimates on the changes in the pressure and velocity caused by mobility perturbations measured by the L 1 norm. This stability analysis is complemented by numerical experiments.
1. Introduction. In reservoir simulation, collected data on geology is the backbone of massive computations that are used for prediction and optimization of hydrocarbon production. As for most types of simulation, there are many possibilities for introducing nonphysical e ects or even errors that can turn any computation into nonsense. Typically, such divergence from the underlying process could be caused by the use of incompetent physical or mathematical models, unsuitable numerical methods or erroneous computer codes. Even when accepting the chosen model and its implementation, the simulation may be badly in uenced by noisy input data or inaccuracies in the interpretation of physical measurements. For this reason, it is important to know how the solution of established mathematical models are a ected by variations in the input data, e.g. in material coe cients and boundary conditions. The traditional stability analysis of elliptic problems seems to pay less attention to perturbations of the coe cient functions than to perturbations of the boundary conditions and source terms. As far as material coe cients are concerned, most results deal with regularity assumptions, see Dautray and Lions 4, Ch. VII] and Hackbusch 12, Ch. 9] . However, this paper will investigate the property of stability with respect to perturbations of the involved coe cients. In particular, we study the pressure and velocity in a heterogeneous reservoir subject to variations in certain geological parameters.
It is generally accepted that mathematical models of uid ow in porous media may be stated in terms of coupled partial di erential equations, see for instance Ewing 7] or Peaceman 15] . In this where the unknown uid pressure p is related to incompressible or steady-state ow. Moreover, the function D denotes the depth of the reservoir measured in the direction of gravity, while g is the gravitational constant and is the uid density. Throughout this paper we will assume that , g and rD are constant over . The second order mobility tensor incorporates physical parameters such as the permeability of the medium and the viscosity of the uid. Depending on the exact de nition of , (1.1) may be taken as a prototype of the pressure equations for single-phase as well as multi-phase ows. For heterogeneous reservoirs, the mobility may have large variations and even discontinuities. Typically, can be piecewise constant, thus representing the e ect of di erent reservoir layers. The function q in (1.1) represents internal sources. Typically, q will be a combination of Dirac delta functions that implement injection and production wells located inside .
The boundary @ , which is assumed to be su ciently smooth, can be divided into three In a reservoir setting, the boundary segments ? in and ? out refer to inwards and outwards uxes, respectively. The remaining part of the boundary, ? else , is subject to no-ux conditions. The remainder of this paper is organized as follows: In the next section we study perturbations of the coe cient functions for an operator equation having the form of the pressure equation. This leads to an abstract error estimate which we apply to our model problem in 3. The main result of this paper shows that the pressure and the velocity eld of the pressure equation depends Lipschitz continuously on perturbations in the mobility tensor measured in the L 1 norm. In 4 we complement the stability analysis through a series of numerical experiments based on conforming as well as mixed nite element procedures. Finally, we summarize the results in 5.
2. Stability analysis in an abstract Hilbert space setting. Instead of studying perturbations in the mobility tensor for the pressure equation (1.1) directly, we will rst consider this type of problem for more general operator equations. Then, in the next section, the theory is applied to our model problem (1.1)-(1.2). It should be noted that a perturbation in the mobility tensor causes 2 changes in the bilinear form and the functionals associated with the weak formulation of the problem (1. 3. Stability analysis of the pressure equation. In this section we will study perturbations of the mobility tensor , measured by the L 1 norm. In particular, we will show that the pressure p and the velocity v for the problem (1.1)-(1.2) depend continuously on . Before presenting the main result in this paper, we introduce some notation and an appropriate weak formulation of our model problem.
In this paper we use L p (Y ), for Y = ; ? in , to denote the classical L p spaces of real valued 
where @ =@x and @ =@y are the distributional partial derivatives of . The appropriate subspace for our model problem, due to the boundary conditions (1.2), is
Now, the weak formulation of (1. For every pair (1) ; (2) for all 2 V , and for i = 1; 2. As a consequence of Theorem 2.1, we obtain the following bound in terms of the L 1 norm
Corollary 3.1. Let u 1 and u 2 denote the respective solutions of (3.5) associated with (1) ; (2) 2 A m;M . Then p 1 = u 1 + p out and p 2 = u 2 + p out are the solutions of (3.1) corresponding to = (1) and = (2) , respectively. Moreover, there exist constants c 1 ; c 2 2 IR + such that (2) 
which completes the proof.
Thus, we have shown that the pressure p and the velocity v are Lipschitz continuous with respect to perturbations of the mobility tensor, measured by the L 1 norm.
4. Numerical experiments. In this section we present numerical results for two di erent cases covered by the stability analysis in 3. The rst example illustrates the results of Corollary 3.1, while the next case shows that certain problems may be less sensitive to mobility perturbations than what is predicted by the estimates presented in 3. When presenting these experiments we solve the given problems for a sequence of mobility tensors f (2) n g n=0;1;::: . The corresponding pressure and velocity solutions p 2;n and v 2;n are compared to the solutions p 1 and v 1 obtained for the xed mobility tensor (1) . Throughout this section we let q 0, i.e., there are no internal sources. Thus, we implement injection and production in terms of the boundary conditions on ? in and ? out . In the context of reservoir simulation, this situation corresponds to being a vertical section that is placed between two wells.
Based on the weak formulation (3.1), it is straight forward to de ne a conforming nite element method for the pressure equation (1.1). The experiments reported below have been carried out for bilinear shape functions on quadrilateral elements, where the values of p corresponding to the four vertices of each element represent the degrees of freedom. The resulting linear system of equations has been solved by the conjugate gradient (CG method combined with the ILU(0) preconditioner, see Meijerink and van der Vorst 14] . We have then used the zero vector as initial guess and halted the iterations as soon as jb ? Ax k j 10 ?8 , where x k denotes the kth CG iterate.
Independent of the experiments presented in 4.1 and 4.2, we have also solved the two model problems with a mixed nite element procedure. As will be discussed at the end of this section, the two alternative solution procedures lead to the same conclusions.
Using a superelement technique to construct the grid, the discontinuous behaviour of the mobility tensor can be represented independently of the global mesh parameter h. That is, we de ne a coarse grid that has grid lines along the interfaces of any two adjacent layers in the reservoir . We also ensure that grid lines are inserted to represent the change from one boundary condition to another, i.e., at the interfaces between the no ow boundary segment ? else and the remaining parts ? in and ? out . The nal grid used for computations is then generated by local re nement of each patch of the superelement grid.
When viewed locally on a given element, the bilinear approximation of p makes each component of the Darcy velocity v linear in one spatial variable and constant in the other. Since the input data in (1.1), including the mobility tensor , are assumed to be constant on each element, the norms kp 1 ? p 2 k H 1 ( ) and kv 1 ? v 2 k (L 2 ( )) 2 in Corollary 3.1 can be computed analytically. Naturally, this is also possible for the k (1) ? (2) k L 1 ( ) norm used in 3 to measure mobility perturbations.
Both for the conforming and the mixed method we have solved the problems on a series of grids with decreasing mesh size. The results reported below correspond to the nest grid for each case, where the computed stability measures seem to be reasonable estimates for the nondiscretized problem.
All computations have been carried out in double precision on HP 9000/735 workstations. The implementations are based on the C++ class library Di pack, which is under development at SINTEF and the University of Oslo, see Langtangen 13] 
As in 3, p 1 and p 2 denote the weak solutions of the model problem corresponding to the mobility tensors (1) and (2) , respectively. In order to investigate these estimates experimentally, let us focus on the following problem: Let = 0; 1] 2 be divided into three disjoint subdomains (1) ? (2) n k L 1 ( ) and kv 1 ? v 2;n k (L 2 ( )) 2 =k (1) ? (2) n k L 1 ( ) as functions of n for case I.
Moreover, the sequence f (2) n g is given by where n = 2 ?2n for n = 0; 1; : : :; 12. Consequently, (2) n will quickly approach the xed tensor (1) as n increases, and (1) ; (2) In this experiment, we compute p 1 and v 1 for the xed mobility tensor That is, the layers 1 and 2 are low-permeable in one or both directions. Next we de ne the sequence f (2) n g by for n = 2 ?n , n = 0; 1; : : :; 19. Thus, we have (1) ; (2) n 2 A 10 ?4 ?10 ?8 ;3 for all values of n . Figure 3 shows the values of the ratios de ned in (4.1) obtained for the present problem. These results were computed on a grid with the largest element of size 25 0:5. The behaviour is quite di erent from the previous case, where the upper bounds c 1 and c 2 seemed to be sharp for large n. However, for the present case, the graphs in Figure 3 reach their maximum for n = 15, just before 
? (2) n k L 1 ( ) and kv 1 ? v 2;n k (L 2 ( )) 2 =k (1) ? When applying the mixed method to the test problems, we have used the same grid partitionings as for the conforming method. However, in the mixed case we approximate the pressure p as a piecewise constant function evaluated in the center of each element, while the velocity v is determined by the values of v n in the midpoints of each element side. As for the conforming method, each component of v is linear in one spatial variable and constant in the other when viewed locally on a particular element. Thus, the norms involved in the stability analysis can still be computed by exact integration.
The described mixed elements, which are often referred to as the lowest order Raviart-Thomas elements (cf. 16]), correspond to a certain choice of nite-dimensional subspaces W e H(div; ) and Q L 2 ( ). These subspaces are known to be balanced in the sense that they ful ll the inf-sup condition, i.e., there exists a constant independent of the mesh size h such that
Roughly speaking, this condition says that the velocity space must be chosen large enough for a given pressure space. Moreover, these subspaces also satisfy Let us now turn to the results obtained for the problems in 4.1 and 4.2. For the rst case we have compared the results produced by the two solution procedures using a grid with maximum mesh size h = 0:05. The ratios in (4.1) shows the same qualitative behaviour for the mixed method as previously reported for the conforming solver, i.e., they are close to their respective upper bounds for n 7. However, the pressure ratio computed by the mixed method takes on much smaller values. In fact, the estimated bound is then c 1 198:8, opposed to the value c 1 630:9 obtained for the conforming method, see Figure 4 . Presumably, this di erence is due to incomparable representations of the pressure solution. In the mixed case p is piecewise constant, thus neglecting the possibly large values of rp when computing the H 1 norm of the change of the pressure. This explanation is supported by the comparison of computed velocities. Both methods represent the velocity by components that are piecewise linear in one spatial variable and piecewise constant in the other 1 . This leads to the estimated bounds c 2 114:6 and c 2 113:1 for the mixed and conforming methods, respectively.
Turning to the second test problem, the computations have been performed for a grid with the largest element of size 50 1. In contrast to the rst case, the two methods produce almost identical results even for the pressure ratio. For both norms, the curves reach their maximum value for n = 15 before they start to decrease monotonously, see Figure 5 . (1) ? (2) n k L 1 ( ) and kv 1 ?v 2;n k (L 2 ( )) 2 =k (1) ? (2) n k L 1 ( ) as a function of n for case III. The symbols and denote the conforming and the mixed nite element solutions, respectively. 5. Concluding remarks. We have investigated the e ect of mobility perturbations on the pressure and velocity obtained for a typical two-dimensional pressure equation. Analytical estimates have been derived that bound the changes in the pressure and velocity in terms of mobility perturbations measured by the L 1 norm.
Through a series of numerical experiments that allow the mobility to change in value we have complemented the stability analysis. We have also observed that there are problems where the actual 1 Based on these observations, one might argue that higher order mixed elements should be used in order to obtain representative estimates for k p 1 ? p 2;n k H 1 ( ) . However, in the context of reservoir simulation the vital entity is the velocity v, which is used as input to other equations in the overall simulation process. We also note that the pressure ratio obtained when applying the mixed solver to the second test problem are close to the values computed by the conforming method. 
? (2) n k L 1 ( ) and kv 1 ?v 2;n k (L 2 ( )) 2 =k (1) ? (2) n k L 1 ( ) as a function of n for case III. The symbols and denote the conforming and the mixed nite element solutions, respectively.
behaviour is less sensitive to mobility perturbations than what is indicated by the theory. The numerical results have been veri ed by independent computations based on both conforming and mixed nite element solutions of the test cases.
